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Nonlinear energy harvesters are frequently considered in preference to linear devices because they can potentially overcome the narrow frequency bandwidth limitations inherent to linear variants; however, the possibility of variable harvesting efficiency is raised for the nonlinear case. This paper proposes a rotational energy harvester which may be fitted into an automobile tyre, with the advantage that it may broaden the rotating frequency bandwidth and simultaneously stabilise highenergy orbit oscillations. By consideration of the centrifugal effects due to rotation the overall restoring force will potentially be increased for a cantilever implemented within the harvester, and this manifests as an increase in its equivalent elastic stiffness. In addition this study reveals that the initial potential well barriers become as shallow as those for a bistable system. When the rotational frequency increases beyond an identifiable boundary frequency the system transforms into one with a potential barrier of a typical monostable system. On this basis the inter-well motion of the bistable system can provide sufficient kinetic energy so that the cantilever maintains its high-energy orbit oscillation for monostable hardening behaviour.
Furthermore, in a vehicle drive experiment it has been shown that the effective rotating frequency bandwidth can be widened from 15 km/h -25 km/h to 10 km/h -40 km/h. In addition it is confirmed that the centrifugal effects can improve the harvester performance, producing a mean power of 61 W at a driving speed of 40 km/h, and this is achieved by stabilising the high-energy orbit oscillations of the rotational harvester.
Given the generally narrow bandwidth of operating frequency for traditional linear systems it is natural to want to explore technologies that may broaden the bandwidth in order to convert optimally the energy in as much of the surrounding vibrational excitations into a useful electrical form as possible. Various principles have been already explored including resonant frequency tuning, the use of multi-frequency converter arrays, frequency-up conversion, and specific nonlinear approaches. As linear energy harvesters can only usually deliver power when the excitation frequency closely 2 matches the natural frequency, several researchers have already proposed varying the position of the proof mass and the piezoelectric actuators structures that can be usefully applied within harvester structures in order to self-tune the natural frequency of such systems to increase the effectiveness of energy harvesting.
1,2 Arrays of harvester elements that can be set up to constitute multi-frequency systems comprising several beams or masses units, each one of them operating with different natural frequencies due to the designed-in characteristics of the components, can be useful for widening the operating frequency range. 3, 4 Frequency-up conversion is adopted for amplification of the response of harvesters from low frequency ambient sources to the naturally higher operating frequencies of mechanical vibration harvesters. [5] [6] [7] Many researchers have recently concentrated on nonlinear systems as a means of extending the coupling between the excitation and a harmonic oscillator to a wider bandwidth compared to the naturally narrower bandwidth of linear resonators. [8] [9] [10] [11] [12] The off-resonance approaches implemented in the design of such systems can introduce a nonlinear restoring force based on the use of magnetic or mechanical forces, without the need for natural frequency self-tuning. 13, 14 Nonlinear energy harvesters can generally be classified into bistable [15] [16] [17] and monostable [18] [19] [20] variants, but in general the operational frequency bandwidth can be widened and the effectiveness of energy harvesting can be improved due to the existence of high energy orbit oscillation. Meanwhile, because of the co-existence of unstable and low-energy orbits it is necessary to stabilise the high-energy orbit motion by an appropriate adjustment of key system parameters, 21, 22 or by the introduction of further kinetic energy, 23 to cope with a wider and variable frequency range for the environmental excitations to be harvested.
In most cases of real-world rotational environments in which harvestable amounts of vibrational energy can be found, the centrifugal acceleration generated in a proof mass can be more significant than the gravitational acceleration effect, particularly as the rotational frequency increases. Therefore, this paper focuses on the proposition that a nonlinear system with the addition of an active centrifugal force, can be investigated, both theoretically and experimentally within an actual vehicle tyre. Although passive self-tuning linear and pendulum energy harvesters have been adopted for harvesting rotational motion by utilising the effect of centrifugal force, there can be issues of maintaining commensurate relationships between the device's natural frequency and the external excitation frequency, and this can result in low energy harvesting efficiency over a wide frequency range. 24, 25 In this paper, principally because of the addition of centrifugal effects, the bistable state can be transformed into a monostable hardening form, and the high-energy orbit oscillation of the bistable system then supplies sufficient kinetic energy to stabilise the oscillation, shifting it to a monostable hardening characteristic, which can further broaden the operational frequency range, when run with a combination of high-energy orbit oscillations.
3 Fig. 1 shows the proposed structure of a rotating energy harvester in a tyre, and it is seen to comprise two magnetic 
FIG. 1. Schematic of a rotating tyre energy harvester model.
In Eq.
(1), M is the magnetic proof mass, u is the vibrational amplitude of the cantilever beam at the tip position, and c is the viscous damping coefficient including both mechanical and electrical constituent parts. In addition, k represents the lateral stiffness of the cantilever beam, L defines the dimensional length of the beam, and b is the nonlinear coefficient which results from the repulsive effect between the two adjacent magnets. Due to the much higher acceleration of centrifugal force than 4 gravity with the increasing rotating frequency, and the tiny deflection angular at the tip of cantilever, the tangentially resolved component involving the deflection angular of gravity force can be neglected, and mainly focus on its effect of acting as the harmonic excitation of input exploited in this research. The harmonic excitation is generated from the gravity effect on the proof mass G combined with the dynamics of rotation at a frequency of  , and it should also be noted that 0 In practice, when the system starts to rotate it can transform from a bistable characteristic into a monostable response at some chosen boundary frequency. The expression for the boundary frequency b  can be obtained by assuming that the polynomial representing the equivalent linear stiffness is equal to zero, hence,
As shown in Fig. 2 
where U is the velocity amplitude response of the cantilever beam at the tip position. Solving the frequency-amplitude response equation of the transformed monostable hardening system for physically realistic solutions yields a jump-down frequency expression for the monostable state, as given by, In order to validate experimentally the effectiveness of the centrifugal effect on stabilising the high-energy orbit and therefore further improving the operational bandwidth, a practical maximum driving speed of 40 km/h was assumed, and this corresponded to a rotation frequency of 38.2 rad/s. Therefore the key task is that of optimising the appropriate centrifugal distance, with a compatible softening stiffness of the cantilever beam, to enable a useful vehicle drive experiment. The By increasing the distance to 1 cm the high-energy oscillation can be stabilised for a slightly wider bandwidth of 30.9
rad/s because of the shallower depth of the potential well when the centrifugal effect is added in. The transformational effect from bistability to monostability occurs at a boundary frequency of 60.2 rad/s due to Eq. (3), and this makes the system jump down to the low-energy orbit after a frequency of 30.9 rad/s.
Increasing the distance further to 3 cm shows that the boundary frequency is reduced to 34.6 rad/s. It can be interpreted from Fig. 3(a) that the high-energy orbit oscillation, below a frequency of 34.6 rad/s, contains sufficient kinetic energy to stabilise the oscillation until the turn down point at 38.8 rad/s. When the centrifugal distance is set to 3.6 cm the high-energy orbit oscillation can invariably be maintained within a frequency of 40 rad/s, and the boundary frequency defining the transformation from bistability to monostability, is found to be 31.6 rad/s, again on the basis of applying Eq. (3). Fig. 3(b) demonstrates that the frequency-amplitude response within a rotation frequency domain of zero to 100 rad/s, while the centrifugal distances are all set to exceed 3.6 cm. As the distance increases the boundary frequency gradually drops down, which results in a narrowing of the response frequency region for bistability, and so the effect of bistability on the velocity response of the cantilever becomes weaker. In these cases it is more difficult to obtain sufficient initial kinetic energy to stimulate a stabilised monostable high-energy orbit oscillation, and the velocity response of the cantilever gradually falls away. Eq. (5) is used to calculate a curve for the jump-down frequency as a function of the rotation frequency, and this is characteristic is given in Fig. (4) . The blue line shows that the rotation frequency can keep up with the jump down frequency at 38.8 rad/s, and this enables the high energy orbit to be sustained over a broader bandwidth above 34.6 rad/s. The green line
shows that the, rotation frequency can keep up with the jump down frequency until 46 rad/s, and this can hypothetically be regarded as the resonant frequency of the linear system. Exceeding a distance of 3.6 cm means that the increasing rate of the centrifugal force is greater than that of the tyre rotation so the rotation frequency can never match the jump down frequency of the monostable system. it can be revealed that with an increase in the centrifugal distance the efficient harvesting bandwidth is further enlarged, and the widest bandwidth is found to be for 3.6 cm, this being approximately consistent with the result for the frequencyamplitude curve shown in Fig. 3(a) (the corresponding real-time velocity responses under distances of 0cm, 3.6 cm and 7 cm see supplementary material, S1, S2 and S3). By comparing the experimental results as shown in Fig. 7 it can be concluded that the operating speed range for the vehicle can be extended to 10 km/h -40 km/h for a centrifugal distance of 3.6 cm, and this is broader than the speed range of In conclusion, this paper suggests that there are clear advantages in considering the centrifugal effect in a rotating tyre energy harvesting, and that it can outperform a simple bistable or monostable harvester in which the centrifugal effect is absent. The proposed approach can therefore be potentially more efficient in that it clearly broadens the operational bandwidth of the harvester and simultaneously stabilises the high-energy orbit oscillations thereby improving the overall effectiveness of a rotational energy harvester.
Supplementary Material
See supplementary material for the simulation results of real-time velocity responses under centrifugal distances of 0cm, 3.6 cm and 7 cm, concrete description of the apparatus for actual-vehicle experiment and modelling analysis of equivalent electric circuit of piezoelectric transducer. 
